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Let R be a Noetherian ring; denote by A’(R) the (exact) category of 
finitely generated R-modules, and by 9(R) the (exact) category of finitely 
generated projective R-modules. The inclusion functor 9(R) + A(R) 
induces the Cartan maps c, : K,,(R) -+ K:(R) (where we denote K,(Y(R)) = 
K,,(R) and K,(A(R)) = K;(R)). It is a consequence of Quillen’s resolution 
theorem that the maps c, are isomorphisms if R is a regular ring. 
One of the main results of this paper is a partial converse to this theorem. 
In Section 1 we show that if R is a reduced local ring whose residue class 
field is not the 2-element field IF,, then a necessary condition for c, to be an 
isomorphism is that R be integrally closed in its total quotient ring. If R is 
one-dimensional and has finite integral closure, then this result is valid 
without the restriction on the residue class field. In particular, for such a 
ring, ci is an isomorphism if and only if R is a discrete valuation ring. In 
Section 3 we give an example showing that these results are invalid for non- 
local rings. 
In Section 2, we consider c,,. For local integral domains, questions about 
c, are necessarily connected with the “higher rank class groups” Wi 
introduced by Claborn and Fossum in [2], and with the notion of clean ring 
introduced by Gersten in [4]. To explain these notions, let R be a 
commutative Noetherian ring, and consider the filtration fd’(R) defined by 
“codimension of support.” That is, consider the Serre subcategory Xi(R) 
consisting of those finitely generated R-modules M such that MP = 0 for all 
primes p with ht p < i. W,(R) is defined to be the image of the 
homomorphism K,(&/&+ ‘) + K,(Mi- ‘/&’ ‘). Gersten defines R to be 
cZean if each of the maps K,(&) + K&M-i) is zero. An understanding of 
the properties of clean rings may prove helpful in understanding the more 
general notion of very clean ring. (R is very clean if all the maps K,(J’) --) 
K,,(Mip’) are zero.) Gersten’s Conjecture is that regular local rings are very 
clean. 
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Because these notions are of interest in themselves, we derive several 
results on clean rings, some of which are implicit in [2] and [4]. Among 
other things, it follows from a result suggested to us by Weibel that one- 
dimensional reduced local rings with finite integral closure and algebraically 
closed residue class field, are clean. We also prove that if R is an excellent 
one-dimensional reduced local ring, then W,(R) = W,(R); in particular, R is 
clean if and only if Z? is. Concerning c,, we’prove that if R is a local domain 
of dimension one, or a normal local domain of dimension two, then co is an 
isomorphism if and only if R is clean. 
For normal domains, the concepts above are connected with the unique 
factorization property. In particular, we prove that for a large class of two- 
dimensional normal local domains R, c, is an isomorphism if and only if R 
is a UFD. 
In Section 3 we use this result o prove that many “standard” examples of 
two-dimensional local UFD’s are clean. Furthermore, we use some of these 
examples to show that cleanness is not preserved by either power series 
extension or completion. 
I would like to thank Chuck Weibel for some helpful conversations 
concerning some of these topics. I would also like to thank the referee for 
some useful suggestions on organization and for catching an error in the 
original statement of Theorem 1.1. A word on notation-all rings considered 
here will be assumed to be commutative and, unless otherwise stated, 
Noetherian. Given such a ring R, we denote its multiplicative group of units 
by R”. 
1. c, 
Before beginning, we should point out that, if R is not regular, then the 
group K;(R) need not be the same as Bass’s group G,(R), as an example of 
Murthy given in [5] shows. More generally, an algebraic description of 
K’,(R) is, at the moment, unavailable. On the other hand, we do have 
K;(R) = G,(R). 
We begin by noting the following ring-theoretic result; for this result only, 
we do not assume that R is Noetherian. Suppose that R is a local ring, with 
maximal ideal .m. Recall that an overring S of R, with Jacobson radical X, 
is said to dominate R if m c Y. 
THEOREM 1.1. (1) If S is local, and if every unit of S lies in R, then 
S=R. 
(2) Suppose that S is semilocal, with maximal ideals WZ, ..., m , and 
that some SIMi is not the 2-elementfield F,. If every unit of S lies in R, then 
S=R. 
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(3) Assume that S (not necessarily semilocal) is such that, for every 
maximal ideal NZ’ of S, S/m’ N F,. Then every unit of S lies in R if and only 
g-s = m. 
Proof: (1) If x E m, = Y, then 1 +x E S*, so by hypothesis, 
1 +x E R*. Hence x E R. But then the local rings R and S share the same 
units and non-units, so S = R. 
(2) The commutative square 
R/m - S/J 
induces a commutative square 
Now, for any commutative ring S, the map g is surjective. Furthermore, 
by the Chinese Remainder Theorem, S/Y N S/m, x . . . x Slm,,, so 
(S/~)* 2: H (S/~i)*, and the components of h arise from the field 
extensions R/m -+ S/mi. 
We are assuming that f is surjective, so h is surjective. By hypothesis, 
some (S/,,)* is non-trivial. Since h is surjective, we must have 
R/m N S/tisi. But then R/,wz has more than 2 elements; consequently the 
same is true for all the fields S/mj. Hence (R/HZ)* and all the (S/mj)* are 
non-trivial groups. In order for h to be surjective, we must then have n = 1, 
so that S is local. But now part (1) applies. 
(3) Suppose that every unit of S lies in R. Then, as above, if x E ,P, 
then 1 + x E S* = R*, so x E ,M. On the other hand, suppose that X = m, 
and let x be a unit of S. Given a maximal ideal m’ of S, we have S/m’ = IF, 
by hypothesis. But then x2 =x (mod A) for all such m’. It follows that 
x(x- l)EX=m, say x(x- l)=rE m. But then x- 1=x-‘rEY=.m, 
hence x E R. 1 
The simplest example of a situation in which S* = R*, but S # R, is that 
in which R = IF, is embedded diagonally in S = F, x F,. Of more relevance 
to us are examples in which S is the integral closure of a local integral 
domain in its field of fractions. Let d # 1 be a square-free integer with d = 1 
(mod 8). Put A = Z [fi]. A is not integrally closed; its integral closure in 
Q(\/;i) is A= Z [(l + fi)/2]. In x, we have ti= m1 n mz where m, = 
(2, (1 + 43)/q, m* = (2, (1 - fi)/2); furthermore, x/*n, = IF, ‘v x/m*. It is 
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easily checked that “n, nA = mz nA = (2, 1 + fi). Consequently, Wt= 
(2, 1 +@) is a maximal ideal of 2. If we put R = A,, S =x,,, , then S is 
the integral closure of R in Q(g). Since ml n m2 = tic m c m, n m2, it 
follows that ml f7 mz = m, and thus that the Jacobson radical of S is the 
maximal ideal of R. Part (3) of the theorem then shows that S* = R*. 
We now establish some notation and make some observations which will 
be used below and in Section 2. Suppose that R is a reduced Noetherian ring, 
and T its subset of regular elements. Recall that the total quotient ring of R 
is F=R,. Suppose that the minimal primes of R are j, ,..., js, and put Ri = 
R/Ii. Let Fj denote the field of fractions of Ri. Since R is reduced, a 
standard result shows that F = n Fi. Furthermore, if R denotes the integral 
closure of R in F, and F the integral closure of Ri in Pi, then R = n K. 
Note that F, being a finite product of fields, is regular. Thus the Cartan map 
K,(F) -+ K’,(F) is an isomorphism. Furthermore, F is semilocal, so 
K,F-F*. 
Recall that the groups K; are functorial with respect to flat maps. Conse- 
quently, there is a commutative diagram: 
K;(R) - K; (F) 
t 
5 t 
z 
K,(R) * K,(F) 
This shows that c, embeds R* into K;(R). In particular, if SK,(R) = 0 (e.g., 
if R is local), so that R* s K,(R), then c1 is manic. 
For the next result, note that if R’ is a finite extension of R, then 
restriction of scalars induces an exact functor M(R’) + J’(R), hence maps 
K;(R’) -+ K’,(R). 
PROPOSITION 1.2. Let R be reduced, with total quotient ring F and 
integral closure E. Suppose that c, : K,(R) + K;(R) is surjective. Then every 
unit of R lies in R. 
Proof Let u be a unit of 1, and put R’ = R[u, u-l]. Then R’ is finite 
over R, hence Noetherian, and u is a unit in R’. Consider the following 
commutative diagram: 
_det 
A*LK,(R)+K; (R&-K; (R')~K, (R')~(R')* 
!:-':F):!;F, = J(F) ' lb c 
c 1 1 
+K,(F)AF*
a 
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Consider ,fim(u) E K;(R). By hypothesis, there exists y E K,(R) such that 
c,(y) = Jm(u). Put z = det(y) E R *. Then in K;(R), we have M(z) = 
cg(y) = he,(y) = h@(u) = cub(u), from which it follows that b(u) = i(z). 
Thus u lies in R. 1 
THEOREM 1.3. Let R be a reduced local ring with maximal ideal M. 
Assume that R/ m is not the field F,, or that R is a Henselian integral 
domain. If c, is surjective (hence an isomorphism), then R is integrally 
closed. 
Proof Proposition 1.2 shows that every unit of R lies in R. It is well 
known that R is semilocal (but need not be Noetherian). In the second case, 
R is local, so part (1) of Theorem 1.1 applies, and, in the first, part (2) 
applies. Thus R= R. 1 
As the example given earlier indicates, if R/M = F,, then part (2) of 
Theorem 1.1 can be false. As above, one can sometimes use part (1) instead; 
another such case follows. For this, recall the localization sequence 
associated to an abelian category JZ? and a Serre sub-category 9 [8]. This is 
a functorial exact sequence 
We want to apply this to the study of the K’-theory of a reduced one- 
dimensional ring R (not necessarily local), with total quotient ring F. The 
category J&’ will be J(R), and the category 9 will be M’(R); R is reduced, 
so J’(R) consists of those finitely generated R-modules which are 
annihilated by some regular element of R. A standard argument 
111, Cor. 5.121 shows that M/M’ is equivalent to J(F); furthermore, 
devissage [8, Cor. 1 of Thm. 41 shows that K,,&&(R)) may be identified 
with II *r,maxima, K,,(R/nz). The sequence above then becomes 
v.. -K;(R)+F*+UK,(R/m)+K;(R)+K,(F)+O. 
m 
PROPOSITION 1.4. With notation as above, suppose that R’ is a subring 
of F jkite over R. Then restriction of scalars defines a morphism from the 
localization sequence of R’ to that of R. 
Proof: As noted before, we have an exact functor M(R’) -M(R). Next, 
note that the hypothesis on R’ guarantees that the conductor ideal contains a 
regular element. In other words, there exist a regular element r of R such that 
rR’ c R. Given an object M of J’(R’), there exists a regular element s E R’ 
with sM = 0. But then rs is a regular element of R, and (rs)M = 0. Hence M 
lies in M’(R). 
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Thus restriction f scalars defines a morphism of localizations 
M’ (R’)-wM(R’l-+M(F) 
I I II 
M’(R)-M(R)-M(F) 
which gives rise to the required morphism of localization sequences. 1 
Remark. A generalization of this result will appear in [lo]. 
THEOREM 1.5. Let R be a one-dimensional reduced local ring with finite 
integral closure. If c, is subjective (hence an isomorphism), then R is 
integrally closed. 
Proof: Since we are assuming that R is finite over R, we may apply the 
result above, and deduce a commutative diagram with exact rows: 
FIGURE 1.6 
We claim that f is an isomorphism. 
In terms of the notation introduced earlier, R= n q. $& is a one- 
dimensional integrally closed integral domain, hence a Dedekind domain. It 
follows that f? is regular, and thus Kb@) = K,(E) = II K,,(K). Also, K,(F) = 
II K,(F,), and the map k corresponds to the direct sum of the maps 
K,(R,) +k’KO(Fi). Now, since Ri is local, Ri is semilocal, hence a PID. But 
then the maps ki are isomorphisms, and thus k is an isomorphism. It follows 
that f= 0 (i.e., E is clean), and thus that j is surjective. 
Since R is semilocal and regular, the maps R* + K,(x) and K,(R) + K’,(K) 
are isomorphisms. Also, by Proposition 1.2, the map R* + I?* is an 
isomorphism. These maps lit into a commutative diagram: 
Since d and e are injective, so are i and h. Hence f is injective. 
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Let g: K’,(R) + K’,(R) be defined by taking the obvious path in the 
diagram above. It suffices to prove that g is a right-inverse forf, and since h 
is injective, it sufftces for this to check that hfg = h. But this follows from 
commutativity of the two diagrams. Sincej is surjective and h is injective, we
may apply the snake lemma to the left-hand portion of the first diagram to 
conclude that ker p = 0. Since KO(R/m) and K,(~/mi) are isomorphic to Z, 
we must have n = 1; i.e., z is local. 
As observed above, every unit of E is a unit of R. It then follows from 
part (1) of Theorem 1.1 that R= R. u 
COROLLARY 1.7. Let R be a one-dimensional reduced local ring. Assume 
either that R has Jnite integral closure, or that R/M is not IF,, or that R is a 
Henselian domain. If c, is an isomorphism, then R is a discrete valuation 
ring. 
Proof: By Theorem 1.3 and Theorem 1.5, R is integrally closed. Since R 
is reduced, we have R = 8= ni= r (R/pi). But R is local, so we must have 
s = 1, and thus R is an integral domain, hence a discrete valuation ring. 1 
We shall show by example in Section 3 that Theorem 1.3 is false if R is 
not local. 
2. c,,, CLEAN RINGS, AND UNIQUE FACTORIZATION 
We begin by connecting the groups W,(R) with the notion of cleanness. 
PROPOSITION 2.1. If K,(M) + K&& ‘) is zero, then W,(R) = 0. Thus, 
if R is clean, then all the groups W,(R) are zero. Conversely, if R is of finite 
Krull dimension, and if Wi(R) = 0 for all i, then R is clean, 
Proof. As noted before, there is a commutative diagram with exact rows: 
K&8+’ )--- Ko(M’)- K&8/M’+‘)- 0 
I 1 
II I 9 I f 
K@f’+‘)_k_, K@‘-‘)h_ Ko(M“‘/M’+‘+O 
It follows immediately that, if K,,(&)+ K&4-‘) is zero, then 
W,(R) = 0. Conversely, suppose that R is of finite Krull dimension d, and 
that W,(R) = 0 for all i. We prove that Kg(&)-+ K&M-‘) is zero by 
downward induction on i, the induction starting with i = d + 1, where the 
result is trivial. Suppose then that K,(Jj) -+ K&N-‘) is zero for j > i. 
CARTAN MAPS AND CLEAN RINGS 109 
Referring to the diagram above, the hypothesis is that f = 0. In order to 
prove that g = 0, it suffkes to prove that h is manic. But k factors as 
K&&f ’ ) --be K,(&) + K&A- ‘), and e is zero by the inductive hypothesis, 
so k = 0. Exactness of the bottom row then gives the required result. 1 
Before proceeding, we shall need to recall the following facts. First, 
htfi-i 
where k(b) denotes the residue class field of the prime ideal b [8, proof of 
Theorem 7.5.41. Consider the map 
d: u K,(k(a))-Kn(~i-‘/Ai)~K,-,(/fi)~K,~,(~i/~i+’) 
htv:iGI 
It may be described in the following manner. Given 9 and /z, if qti /z, then 
the component of d from K,(k(g)) to K,-,(k(/z)) is zero; if a cb, then this 
component may be identified with the connecting homomorphism in the 
localization sequence for the one-dimensional local domain (R,)/(&). This 
is implicit in Quillen’s proof of Proposition 7.5.14 of [8], and is verified in 
detail in 191. Finally, if R is a one-dimensional local domain with maximal 
ideal m and field of fractions F, then the connecting homomorphism a: E* -+ 
K,(R/m) N h is defined by a(a/b) = l(R/(a)) - l(R/(b)), where I denotes the 
length of an R-module. This was established in the equicharacteristic case by 
Quillen in (81; Grayson later gave an argument valid in general in [6]. In 
particular, if R is a discrete valuation ring, then for x E F*, a(x) = u(x), 
where u denotes the valuation of F corresponding to R. 
We now relate c,, to the notion of cleanness. First observe that if R is any 
local integral domain, with field of fractions F, say, then commutativity of 
I 
K;(R)-KO(F) = Z 
‘\/ CO ^I \ 
K&R) 
shows that c,, is a split monomorphism. Next, if R is clean, then exactness of 
the localization sequence K&f’) + K;(R) +j K,,(R) + 0 shows that j is an 
isomorphism; hence c, is an isomorphism. Conversely, if dim R = 1, then R 
is clean exactly when j is an isomorphism. Hence we have: 
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PROPOSITION 2.2. If R is a one-dimensional local domain, then c, is an 
isomorphism if and only if R is clean. 
Now suppose that R is a one-dimensional reduced local ring; with 
maximal ideal m, minimal primes +, ,...,&, and finite integral closure R. 
Note that E is semilocal, with maximal ideals ml ,..., m , say. I am indebted 
to Chuck Weibel for pointing out the following result. 
THEOREM 2.3. With notation as above, we have 
W,(R) N Z/(dim,,, R/m, ,..., dimRim z/m,,) 
K;(R) 2: u Z @ W,(R). 
i= I 
Proof. Referring to Fig. 1.6, we have W,(R) = im t; since the right-most 
term of the lower sequence is K,(F) N Hi= I K,(F,) N Hi=, Z, the right-hand 
end of the lower sequence splits giving the second result. For the first part, 
note that W,(R) N coker j. As observed in the proof of Theorem 1.5, j is 
surjective. Itfollows that im j = im p, so W,(R) N coker p. But if we identify 
Ko(E/mi) and K,,(R/m) with Z, it is clear that the image ofp is the subgroup 
(dim, E/ml ,..., dim, E/m,). i 
In Section 3 we shall use this result to give examples of one-dimensional 
local domains which are not clean. On the other hand, the following result 
shows that there are many examples of clean one-dimensional local domains 
which are not regular. Furthermore, since the class of clean rings is closed 
under polynomial extension and localization [4; cf. also 2 and 91, we can get 
examples of local clean non-normal domains of arbitrary dimension. 
COROLLARY 2.4. With notation as above, R is clean if and only if 
(dim,,, p/m, ,..., dimR,,,, Elm,,) = (1). Hence if R/m, N Rim for some i, then 
R is clean. In particular, if R/m is algebraically closed, then R is clean. 
As we shall show by example in the next section, the completion of a 
clean local ring need not be clean. However, in the one-dimensional case, we 
do have the following result, which includes an analog of Mori’s Theorem. 
THEOREM 2.5. Let R be a reduced one-dimensional local ring with 
geometrically normal formal fibers. (This condition will be satisfied, for 
example, if R is excellent.) Then the canonical map W,(R)-+ W,(g) is an 
isomorphism. 
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Proof. We retain the notation used above. Now by Proposition 7.6.1 and 
Corollary 7.6.2 of [7], R^ is reduced, R has finite integral closure, and the 
minimal primes q1 ,..., an of I? are in one-to-one correspondence with the 
maximal ideals M, ,..., & , ofR. As in the proof of Theorem 2.3, we have 
W,(R) N coker 
( 
8: fi k( aj)* -+ K,,(R^/fi) Y Z . 
j=l ) 
(Here we are using the canonical product decomposition of the total quotient 
ring of R as n k(ai).) 
By the remarks at the beginning of the section, the image of a^ is the 
subgroup of Z generated by the images of the maps aj: k(aj)* --t H occurring 
in the localization sequences for the one-dimensional local domains I?/aj. 
Since l?/ai is complete, it has finite integral closure; furthermore, another 
part of the corollary referred to above shows that the integral closure of l?/aj 
is isomorphic to the completion of the local ring I+,,,. But (li,,)A/(mjR,j)^ = 
R+,,,lm,iRm, = E/mj, so the proof of Theorem 2.3 shows that the image of aj 
is the subgroup of Z generated by dim,, K/M,i. (Here we are also using the 
canonical isomorphisms (R^/aj)/(~/aj) N ~1~ N Rim.) Finally, 
Theorem 2.3 itself applies to finish the proof. 1 
COROLLARY 2.6. Let R be a one-dimensional reduced local ring with 
geometrically normal formal fibers. Then R is clean if and only if I? is clean. 
Now that we have discussed the one-dimensional case in some depth, we 
consider normal rings (i.e., integrally closed integral domains) of higher 
dimension. We first recall a result from [2], giving a different version of the 
proof. 
PROPOSITION 2.7 (cf. [2, Proposition 4.41). Let R be a normal domain 
with field of fractions F; assume that K;(R) E Z. Then R is a UFD; 
furthermore, the maps K&f’) + K,(p) = K’,(R) and K,(A*) -+ K,(M’) 
are zero, and thus W,(R) = W,(R) = 0. 
Proof: We have a diagram 
K,(M2) 
d 
I 
K, (MO)-F* EKO(M1) ~Ko(Mo)-KO(F) -0 
I 
II 
b K;(R) 
KoLd/M2) 
0 
FIGURE 2.8 
4Ri!70/1 R 
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where the row and column are exact localization sequences. By hypothesis. 
the map K;(R) + K,(F) = Z is an isomorphism. Thus e is zero (which, by 
Proposition 2.1, also shows W,(R) = 0), and a is epic. Now, by the remarks 
following Proposition 2.1, K,(M’/M*) may be identified with the divisor 
group D(R), and ba may be identified with the divisor map div: F* + D(R) 
(cf. [ 1], e.g.). Then, if we denote the ideal class group of R by Cl(R), we 
have Cl(R) 1 coker ba = 0. Thus R is a UFD. 
Next, suppose that b([M]) = 0, where [M] E K&M’). Since a is epic, 
there existsf E F* with a(f) = [Ml. But then div(f) = 0; since the kernel of 
div is R* (cf. [l], e.g.), and since R* -+ F* factors as R* -+KI(R)+ 
K,(p) -+ F*, it follows that [M] = a(f) = 0. Therefore b is manic, and d is 
zero. Again, it follows from Proposition 2.1 that W,(R) = 0. 1 
One special case of this which is worth singling out is 
COROLLARY 2.9. A clean normal domain is a UFD. 
Our main result for two-dimensional normal local domains is: 
THEOREM 2.10. Let R be a two-dimensional normal local domain. Then 
the following conditions are equivalent: 
(a) c, is an isomorphism; 
(b) R is clean; 
(c) W,(R) = 0 and R is a UFD. 
Proof (a) o (b) This follows from Proposition 2.7 and the discussion 
preceding Proposition 2.2. 
(b) 3 (c) Suppose R is clean. Then W,(R) = 0, and it follows from 
Corollary 2.9 that R is a UFD. 
(c) ti (b) Suppose that W,(R) = 0 and R is a UFD. Since R is two- 
dimensional, we have K,,(J’) + K&M’) zero. But then, referring to Fig. 2.8, 
we see that b is an isomorphism. Hence, recalling the proof of 
Proposition 2.7, we have 0 = Cl(R) z coker ba N coker a, which implies that 
e is zero. I 
In Section 3 we shall show that W, is zero for many two-dimensional 
normal local domains; this will follow from the general result below. Thus, 
for such rings R, the following conditions are equivalent: c, is an 
isomorphism; R is clean; R is a UFD. 
PROPOSITION 2.11. Let R be a local ring of dimension d with maximal 
ideal m. Assume that R/j is clean for some prime b of height d - 1. Then 
K,,(M’) + K,(Jd-‘) is zero (equivalently, W,(R) = 0). 
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Proof. By the localization sequence and the remarks following 
Proposition 2.1, it suffices to prove that 3: I.I,,fi,=d-l k(f)* -+ K,,(R/m) is 
surjective. However, as noted there, the fith component of 8 is the connecting 
homomorphism in the localization sequence for the one-dimensional local 
domain R/b. By hypothesis, this map is surjective, so 8 is surjective. 1 
Remark. It follows from Theorem 2.10 and Propositions 2.7 and 2.12, 
that regular local rings of dimension 2 or 3 are clean, as remarked by 
Gersten in 141. 
THEOREM 2.12. Let R be a two-dimensional reduced local ring; assmue 
that R/m is not F,, or that R is a Henselian integral domain. Suppose that 
c, and c0 are isomorphisms. Then R is a clean UFD. 
Proof By Theorem 1.3, R is integrally closed in its total quotient ring. 
By the argument used in the proof of Corollary 1.7, R must be an integral 
domain. Theorem 2.10 then applies. 1 
3. EXAMPLES 
(1) A Non-Normal Integral Domain For Which c, Is Surjective 
Let k be a field, and R = k[t*, t3] c k[t], the coordinate ring of the plane 
cuspical cubic y* = x3. Then a simple comparison of the localization 
sequences of R and k[t] (cf. the proof of Theorem 2.3) shows that the map 
k -+ R induces an isomorphism K,(R) + K;(R) for all n > 0. (Details will 
appear in [lo]). In particular, the map k* 5 K,(k)-tK’,(R) is an 
isomorphism. Since this map factors as k* 3 K,(k) + K,(R) --+‘I K;(R), it 
follows that c, is a surjection. However, R is not normal. 
(2) A One-Dimensional Local Domain Which Is Not Clean 
Let A = R [x, y]/(x* + y’). The map R[x, y] + Cc [t] defined by x I+ t, 
y w it, allows us to regard A as the subring R [t, it] of C [t]. Let m denote 
the maximal ideal (t, it) and put R = A,,,. Now, C [t] is normal, has the same 
field of fractions as A, and is integral over A; hence A= C [t]. Moreover, 
since (t) is the only maximal ideal of C [ t] lying over m, it follows easily that 
R= c[t](,,. But then the residue class field of R has dimension 2 over that of 
R, so by Theorem 2.3, W,(R) = Z/2E and K’,(R) = Z 0 Z/22. Thus R is not 
clean. 
(3) Examples of Clean Two-Dimensional Local UFD’s 
In these and the following examples, we shall need certain results on 
UFD’s which are either due to Samuel or were inspired by his pioneering 
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work on this subject. Since everything that we need is covered thoroughly 
in [3], we shall refer the reader to that work (especially Sections 10 and 19), 
where references to the original articles may be found. 
THEOREM 3.1. Let A be a three-dimensional regular local ring which is 
excellent and contains a field k. Let {x, y, z} be a regular system of 
parameters for A. Let X and Y be indeterminates, assigned weights in the 
polynomial ring k[X, Y]. Let F be an irreducible weighted homogeneous 
element of k[X, Y], and let p be a positive integer prime to the weight of F. 
Put R = A/(zp - F(x, y)). Then W,(R) = 0. 
ProoJ By Proposition 2.11, it suffices to find a prime ideal p of R such 
that R/j is clean. In fact, put + = (x). Then R/b is excellent, and R/h = 
A’/(z” - ay”). Here A’ = A/(x), 7 and Z denote the images of y and z in A’, 
and a E k. It follows from the hypothesis that a # 0 and that p and q are 
relatively prime. Now, A’ is a regular local ring with regular system of 
- - 
parameters {y, z), so it follows from the Cohen Structure Theorem that 
(R/~)~~k’[[Y,Zll/(Zp--~), h w ere k’, the residue class of field ofA’, is 
an extension of k. Let u and v satisfy pu - qv = 1, and replace Y by a”Y and 
Z by a”Z. Then (R/j)- = k’ [ [ Y, Z]]/(Z” - Im). Now k’ [ [ Y, Z]]/(Zp - y4) 
is the completion of (k’ [Y, Z]/(Zp - y9))(y,z). Since Zp - Im is easily seen 
to be an irreducible polynomial (cf. Lemma 10.15 of [3]), this ring is an 
excellent local domain, hence so is its completion, from which it follows that 
R//z is an integral domain, and P is prime. By Corollary 2.6 it suffices to 
show that (k’ [Y, Z]/(Zp - y9))(,,,, is clean. 
The map k’ [Y, Z] -+ k’ [T] defined by Y t-+ Tp, Z tt T9, factors through 
k’ [ Y, Z]/(Zp - Yp) and embeds this ring as the subring k’ [Tp, p]. The 
normalization of this is k’ [ T], and the only maximal ideal of k’ [ T] lying 
over (Tp, 79) is the ideal (0 Thus, k’[TP, ~1ve.m 
(-PLY, Zl/(Z’ - Y’Y)w,zJ is easily seen to have normalization k’ [ T](,, 
and the hypothesis of Corollary 2.4 is satisfied. 1 
Let k be a field, and let f E k[X, Y] and p satisfy the conditions of the 
theorem above. Then an exercise in Bourbaki (worked out as 
Proposition 10.13 of [3]) shows that k[X, Y, Z]/(Zp - f (X, Y)) is a UFD. 
Let R be the local ring at the origin of the surface Zp = f (X, y>. Then R is a 
UFD, R = k[X, Y, Z] cx,v,z,/(Zp - f (X, Y)). It follows from Theorem 3.1 
and Theorem 2.10 that R is clean. In particular, this is true for the local ring 
at the origin of surfaces of the form Zp =X” + V, where p, s, and t are 
pairwise relatively prime. 
(4) Examples of Normal Local Domains R For Which R Is Clean, But 
R[[t]] Is Not 
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Referring to (3) above, let k be a field and let p, s, and t be pairwise 
relatively prime positive integers satisfying pst - ps - pt - st > 0 (e.g., 
p = 3, s = 4, t = 5). Then R = (k[X, Y, Z]/(Zp -X” - V)),,,,,,, is a 
clean UFD. On he other hand, Samuel proved that R [ [t]] is not a UFD (cf. 
13, Proposition 19.71). Since R[ It]] . IS normal, Corollary 2.9 shows that 
R [ [t]] is not clean. 
(5) Examples of Two-Dimensional Local Domains Which Are Clean, but 
Whose Completions Are Not 
Let k be an algebraically closed field of characteristic not equal to 2, 3, or 
5, and (a, 6, c) a triple of pairwise relatively prime positive integers distinct 
from any permutation of(2,3, 5).LetR = (k[X, Y,Z]/(X’ + ub + Zc))~x,u,z~. 
As shown in (3), R is a clean UFD. On the other hand, a result of Lipman, 
generalizing a result of Brieskorn for C, shows that the completion R^ is not 
a UFD (cf. [3, Proposition 19.121). Since R is excellent, I? is normal, so 
Corollary 2.9 applies again to show that R^ is not clean. 
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